2}1. Assumptions
We assume incompressible laminar flow throughout this analysis. This assumption is observation-driven, since we have no documented cases of fully turbulent lava flow. For circular cross sections and smooth pipes, the flow becomes unstable at Re = 2000 and fully turbulent at Re = 4000 [e.g., White, 1991] . Figure 2 shows Re as a function of tube radius, flow viscosity, and flow rate. At these tube sizes and moderate flow rates, the flow is expected to be laminar. However, it should be noted that for thermal reasons discussed later, we have approximated a partially filled tube as a parallel plate flow but that for this geometry, the critical Reynolds number is 500 [e.g., Chow, 1959] . Consequently, the thermal models given here will not be appropriate for channel-type flows for larger Re. This may make a difference for some large flows in partially full tubes. Incompressible flow is an important simplifying assumption, although there is evidence for changes in vesicularity along the path of the flow [Swanson and Fabbi, 1973; Cashman et al., 1994 ].
The flow is assumed to be Newtonian, hydrodynamically developed, and thermally developing, so that the velocity profile is parabolic and the thermal boundary layer is growing.
For laminar flow, it will take at most 100 diameters to establish and develop the velocity boundary layer and a parabolic velocity profile [see White, 1991] long. For example, using the thermal entrance length expression in Table 1 , as well as the laminar flow, and heat capacity and thermal conductivity values in Table 1 , the thermal entrance length in tube diameters is 46 R ela or, for laminar flow, up to 92,300•t, where •t is the dynamic viscosity in Pa s So, for a viscosity of 1000 Pa s, and a tube diameter of 1 m, the thermal entry length for l<Re<2000 would be between 46 km and 92,000 km, which ensures that we are always dealing with thermally developing flow. Physically, this yields a hot flow center with a constant temperature flow center through the thermal entrance length (dT/dz = 0 at r = 0) and a Table 3 ). thermal boundary layer that grows as a function of distance down the tube. If the flow is still within the hydrodynamic entrance length, there can be up to 10% error in flow rates due to applying the driving force flow calculation to partially developed flow [Sakirnoto et al., 1997] . Since the thermal solutions are moderately sensitive to flow rate variations, this error can affect the predicted temperatures but is not likely to change the model results within the current error bars of available temperature measurements.
Steady flow is assumed, since tube formation is most likely in eruptions with steady eruption rates and durations of more than a few days [e.g., Peterson et al., 1994] . Additionally, the boundary between the fluid and the tube wall is assumed to be no slip, since observed tube flows often have a noticeable velocity gradient between the tube center and the tube wall.
In a full lava tube in thermally undeveloped flow, the temperature is at a maximum at the tube center and decreases radially outward to the walls. Both the circular tube and the parallel plate convective cooling models used here assume either a constant wall temperature or a constant wall heat flux. For the constant temperature boundary condition, we have assumed that the tube wall location will reach an equilibrium at a constant temperature Tw and that Tw is 1077øC, the temperature at which Kilauea basaltic lava is approximately 55% crystallized [cf. Marsh, 1981] . Since T w varies with composition, it should be adjusted to reflect any available crystallinity versus temperature data if this model is used on other flows. At T<Tw the lava has a sufficient interlocking crystalline network to behave as a brittle solid and thus cannot be incorporated into the flow by shear forces from the flowing lava. If the temperature at the wall increases above this significantly, the wall will become less viscous and susceptible to thermomechanical erosion, and if the temperature decreases significantly, either the heat flux from the flow will reheat it or the wall location will migrate inwards toward the tube center. This 55% crystallinity temperature (or something similar) seems a reasonable assumption for tubes that develop as a flow concentration within a large sheet flow [e.g., Hon et al., 1994] , where the wall temperature should be that of the material that has cooled and is too viscous to flow easily. It should also be reasonable for long-lived tubes that 27,468 SAKIMOTO AND ZUBER: FLDW AND CONVECTIVE COOLING IN LAVA TUBES have heated the surrounding rock or tubes that are thermomechanically eroding their base and/or walls. For small tubes or low flow rates, the shear forces from the flow may not be large, and T w could be higher. Numerical simulations with temperature-and shear rate-dependent viscosities suggest that T w could be as high as 1130øC [Sakimoto, 1995b [Sakimoto, , also, unpublished data, 1997 , near the point encountered in cooling where the suspended crystals begin to interact and the viscosity undergoes a large increase. For most cases, we have assumed Tw=1077øC, but several of the models have been evaluated with both Tw =1077 ø and T w =1130øC for comparison.
This problem is essentially a conductive cooling problem with conductive heat flow both within the fluid and across the fluid wall interface. The heat flux rates in conductive cooling are functions of the thermal conductivity of the material and of the temperature difference across the zone of heat transfer. Since we have assumed constant properties, and the same thermal conductivity for the fluid and solid basalt, the temperature gradients determine the location of the slowest or limiting heat transfer rate. Within the tube, the difference between the eruption and wall temperatures ranges from 30 ø to 100øC, while outside the tube, the temperature decreases from the wall temperature of 1077 ø to ambient surface temperatures of--30øC. The temperature difference between the tube wall and ambient conditions is then an order of magnitude larger than the temperature difference between the flow center and the tube wall. This suggests that the limiting process in the cooling is the heat transfer within the flow to the tube walls and that any heat transferred to the walls can be conducted (or convected or radiated [see Keszthelyi, 1995]) away as fast as it is delivered. The temperature distribution within the tube will then control the cooling of the tube, and external conditions (other than the wall temperature) will have little or no effect. Consequently, the factors that are most important in controlling the internal tube temperature distribution (the flow rate, distance down the tube, and the shape of the cross section of the flow) will control the cooling in this study. Since we have argued for an equilibrium wall temperature as the most reasonable boundary condition, the constant wall heat flux models are presented primarily for comparison here. We have used a range of wall heat flux values that includes those proposed in previous work [Hardee, 1983 [Hardee, , 1993 Realmuto et al., 1992; Keszthelyi, 1995] .
For a full tube, the boundary conditions of a constant wall temperature are clear. For a partially full tube, there is the complication of the tube atmosphere filling the tube cavity. This cavity above the lava will act as a blackbody region with nearly uniform internal temperature of the gas, top surface of the flow, and wall surface. There has not been a quantitative assessment of the effect of heat transport in the void above a partially full tube, and such a study is much needed. For this analysis we assume that the radiative losses of the top flow surface will cool it to a temperature below that of the flow interior. We have assumed that this temperature is equal to T w , so that the thermal boundaries of the tube flow are symmetrical and, as for the full tube, the flow rate, distance down the tube, and the shape of the cross section of the flow will control cooling. Important considerations thus include the geometry of the cross section as well as flow rate. Rather than present a host of solutions, one for each potential tube geometry, we consider circular tube flow and parallel plate flow, which are straightforward to set up and calculate, and can act as end members for a range of tube geometries. For more accurate Tables 1 and 2 for variable definitions) . When we use flow rates for problem input, instead of a mean velocity, the dimensionless distance is z* = (zPk)/(4pDcQCp), where z is the distance from the tube entrance, P is the "wetted perimeter" [cf. White, 1991] , Dc is a length characteristic of the geometry (e.g., the tube diameter or plate spacing), and Q is the volume flow rate. Since for this study, the thermal conductivity k, flow density p, and heat capacity Cp are considered to be constant, cooling is a function of z, P, D•, and Q. From this it is clear that once we stipulate the flow rate and distance down the tube, the remaining consideration is the geometry in terms of P/D•. For full, circular, tubes, P/D• is simply • and we can use the classic circular pipe Griitz type of solution (see the appendix), and there is no diameter dependence in the cooling. This diameter independence is a direct result of defining the model in terms of flow rate instead of average velocity and tube diameter. For other geometries, there will be some type of geometry dependence, and the cooling solution dynamically closest to the problem will be that with the closest P/D•. The larger the value of P/Dc , the greater the cooling will be relative to the circular tube case.
For example, consider a full rectangular tube with a flow depth of 1 m and a flow width of 3 m. The ratio P/D• is 8. Using a circular tube solution where P/D• = • is likely to underestimate the cooling, but a parallel plate solution, where P/D• = 6, is a closer match. Numerical simulations confirm that for even this 3:1 aspect ratio, the parallel plate solution accounts for --80% of the heat lost in the full rectangular solution, whereas the circular tube solution predicts heat losses somewhat less than half the actual losses. As aspect ratios increase, the heat lost through the side walls decreases relative to the heat lost through the top and bottom walls, and the parallel plate solution becomes an increasingly good approximation. As the aspect ratio approaches 1:1, the heat flow from the constant wall temperature parallel plate solution approaches approximately 2/3 that of a round tube with a diameter equal to the plate spacing. For aspect ratios greater than 10:1, the difference is usually less than 10%. Knowing that the parallel plate solution underestimates the cooling losses, we have compensated somewhat by using the higher estimates of flow aspect ratio where there is a range reported. For flows where we have few or no constraints on the aspect ratio of the flow cross section, we have used the same values as in previous flows to allow a direct comparison of the predicted cooling rates. In general, these model results apply both to the simple shapes assumed as well as to a range of irregular shapes that have equivalent heat loss characteristics (P/D c , material properties, thermal boundary conditions, and flow rate).
The convective cooling models presented here include the implicit assumption that the flow is not thoroughly mixed after it enters the lava tube. Such a remixing would eradicate the thermal boundary layer, and restart its growth, with commensurably higher cooling losses. If lava within the entire tube is in continuous slow laminar flow, then the assumption is reasonable. However, the presence of large abrupt tube size or slope changes will lead to locally higher cooling losses as the thermal boundary layer is reestablished, and our models will underestimate cooling rates unless they are applied to each section of the tube after remixing. From the agreement of the tube temperature data with the model prediction for the Hawaiian tubes in this study, this appears to be a reasonable assumption. Assuming complete remixing at each of the sections reported for the Waha'ula tube by Keszthelyi [1995] resulted in predicted cooling rates that were twice as large as those observed.
We have also assumed that there is no long-term lava-water (or permafrost) interaction of a large enough magnitude to influence the cooling rates. However, if extended interaction between the lava and water was present, as might be the case for a submarine flow, it may be reasonable to use this type of convective cooling model with an adjusted (higher) constant heat flux boundary condition. For the Queensland flows, which were erupted in the dry season, and the Mars flows, which presumably erupted onto a dry surface, this is probably a very good assumption. The effects of cooling by rainfall on the Hawaiian flows are not as clear. Keszthelyi [1995] suggests that the effects of rainfall are not insignificant, but the analysis is a simple one that depended primarily on the diameter of the 100øC isotherm surrounding the lava tube. The study predicts that the bigger the isotherm diameter, the more important will be the rainfall effects, and the higher will be the cooling rate. This prediction ignores the significant consideration of the proximity of the isotherm to the lava tube and the implied temperature gradient in the surrounding rock, which strongly influences heat flow.
For our model, conduction in the flow direction is ignored, since the Prandtl number is expected to be much greater than one [e.g., Bird et al., 1960; Shah and London, 1978] , and heat is convected much faster down flow than it could be conducted in the same direction. The radiative losses are assumed to be insignificant, since the area of skylights, and thus the area exposed to radiative cooling, is very small [Keszthelyi, 1995] .
Additionally, the material properties (viscosity, density, and thermal conductivity) are assumed to be constant. This is an important simplifying assumption, but it is also made since these models are intended for flows that are well insulated and undergo minimal amounts of cooling, and the temperaturedependent variations in thermal conductivity and heat capacity will be small. The minimal cooling observed in tube flows also prompted the neglect of latent heat of crystallization. The assumption of constant density induces more potential error, since there is some evidence for significant changes in vesicularity along flow paths [Swanson and Fabbi, 1973 (1) where T is the temperature, k is the thermal conductivity, Cp is the heat capacity, p is the flow density (see Table 1 distance. Note that the lava tube temperature solutions are most accurate near Tm=T w and become increasingly unrealistic as Tm•T w, since the temperature dependence of the viscosity will become important for more than minimal cooling amounts. Figure 6 also shows the dimensionless fluid mean bulk temperature versus distance but for the constant wall heat flux solutions for circular tube (equations (3a) and (3c)) and parallel plate (equations (4a) and (4c)) flows. As before, the flow widths for the parallel plate solutions are equal to 12 times the plate spacing. As for the constant temperature solutions, the round tubes are more thermally efficient.
For both types of thermal boundary conditions, the mean temperature versus distance predictions for specific tube flows are found by assuming entrance temperatures, wall temperatures or heat fluxes, and flow rate ranges. The entrance temperatures are normally assumed to be the eruption temperatures, and the flow rates are either observed or a range is found using the driving-force approach described earlier. Within the cooling predictions of the constant wall temperature models, the use of an accurate flow rate yields more reliable cooling rate results than modeling cooling rates with flow rates from slopes or driving pressures. With a flow rate approach and the constant wall temperature models, the aspect ratio of the flow affects the cooling more than the flow rate. With this in mind, a parallel plate flow approximation with an accurate flow rate is arguably a better cooling model approximation for partially full tubes in Hawaii than the circular tube model and yields a very good fit to the available data for the upper 3 km of the partially full Waha'ula tube. Additionally, wall temperatures in the range of 1070ø-1130øC work well in these models. They are consistent with prior 
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